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THE CALABI INVARIANT AND THE EULER CLASS

TAKASHI TSUBOI

ABSTRACT. We show the following relationship between the Euler class for the
group of the orientation preserving diffeomorphisms of the circle and the Cal-
abi invariant for the group of area preserving diffeomorphisms of the disk which
are the identity along the boundary. A diffeomorphism of the circle admits an
extension which is an area preserving diffeomorphism of the disk. For a homo-
morphism 1) from the fundamental group (a1, - - - ,a2qg ; [a1,a2] - [a2g—1,a24])
of a closed surface toﬂe group of the diffeomorphisms of the circle, by
taking the extensions v (a,) for the generators a;, one obtains the product
[W(ay), ¥(ag)] - [¥(ag,_1),¥(ag,)] of their commutators, and this is an area
preserving diffeomorphism of the disk which is the identity along the bound-
ary. Then the Calabi invariant of this area preserving diffeomorphism is a
non-zero multiple of the Euler class of the associated circle bundle evaluated
on the fundamental cycle of the surface.

INTRODUCTION

For a compact manifold M with boundary, it is interesting to investigate the
relationship between the group Diff (M) of the diffeomorphisms of the manifold
and the group Diff (OM) of the diffeomorphisms of its boundary.

To investigate Diff (OM) or its subgroups, it is reasonable to impose some restric-
tions on the diffeomorphisms of M. The important example in mind is that the
conformal diffeomorphisms of S~ = DY correspond bijectively to the conformal
diffeomorphisms of D?. This shows that the condition of having an extension which
is a conformal diffeomorphism of D? is too restrictive. So we look at some milder
conditions for the extension and in this paper we treat with the extensions which
are volume preserving diffeomorphisms.

In fact, we look at the simplest case, namely, the relationship between the
group Diff o (D?) of the area preserving diffeomorphisms of the disk and the group
Diff (S1)g of the orientation preserving diffeomorphisms of the circle.

Let Diffo(D?) denote the group of the C* diffeomorphisms of the disk which
preserve the volume form (2. Here we consider the usual volume form {2 = dx A dy
on the unit disk D?. We show later that any orientation preserving diffeomorphism
of the circle extends as an area preserving diffeomorphism of the disk.
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Let Xz denote the closed oriented surface of genus g. Its fundamental group has
the well known presentation

(a1, -+ ,a2g ; a1, az2]---[azg—1,a2g])-

Let ¢ : m(Xg) — Diff(S')o be a homomorphism, where Diff(S!) denotes the
group of C*° diffeomorphisms of the circle isotopic to the identity with the C'*°
topology. Then we have the extensions h; € Diff o(D?) of g; = 9(a;) € Diff(S')o
and the product [hi, ho]- - - [hog—1, hog] of commutators is an area preserving dif-
feomorphism of the disk which is the identity along the boundary.

Let Diffo(D? 0D?) denote the group of area preserving diffeomorphisms of
the disk which are the identity along the boundary. There is a homomorphism
p : Diffo(D? 0D?) — R which is similar to that given by Calabi ([2]); see [1,
Proposition I1.4.3].

We prove the following theorem.

Theorem A. Let i : m(Xg) — Diff(S1)o be a homomorphism, where
m1(Xg) = (a1, - ,a2g; [a1,az] - [asg_1,a2g]).

Let h; € Diff o(D?) be an extension of g; = ¥(a;). Then p([h1,ha] - - - [hog—1, hog])
is a non-zero multiple of the Euler class of the associated S* or D? bundle evaluated
on the fundamental class [Xg].

As a corollary to this theorem, we see that a foliated 2-disk bundle over a surface
whose global holonomy is in Diff ;(D?) is topologically trivial. This fact has been
known by a much stronger result of Mitsumatsu ([11], [7]).

This paper is organized as follows. In §1, we give the definition of Calabi in-
variants. The Calabi invariants are usually considered for the group of symplectic
diffeomorphisms with compact support of a symplectic manifold without boundary.
In particular, in the 2-dimensional case they are considered for the group of area
preserving diffeomorphisms with compact support of R? or Int D?. For our pur-
pose, it is necessary to define them for the group of area preserving diffeomorphisms
of D2. §1 consists of the verification of the formulae in [1] in our context. We de-
fine the Calabi invariant p on Diff (D2, 0D?) and R on Diff o(D?), the universal
covering group of Diff o(D?).

In §2, we show that for any compact manifold M, the homomorphism of the
restriction from the group Diff (M) of volume preserving diffeomorphisms of M to
the group Diff (OM) of diffeomorphisms of 9M is surjective on the identity compo-
nent. This surjectivity has already been obtained by Krygin ([8]). Using Moser’s
homotopy ([12]), we also show that the inclusion map of the group Diff o (M, 0M)
of volume preserving diffeomorphisms of M being the identity along 0M in the
group Diff (M, OM) of diffeomorphisms of M being the identity along OM is a weak
homotopy equivalence. Then a result of Smale ([14]) implies that Diff o (D?,dD?)
is contractible. This allows us to compute the difference of p and R.

In §3, we prove our theorem in the language of universal 2-cocycles on Diff(S1).
Then this implies Theorem A. We also include a discussion on the Euler class of
the foliated disk bundles with transverse invariant volume form.

I would like to thank Marco Brunella for very helpful discussions on the Calabi
invariant and the Euler class. I also thank I'Institut Fourier as well as the host,
Vlad Sergiescu, for their warm hospitality during my stay in the spring of 1997,
where I could finish writing this paper.
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1. CALABI INVARIANTS

Let D? denote the disk {(z,y) € R; 2? + y* < 1} with the volume form 2 =
dx A dy. Let Diffo(D?,0D?) denote the group of area preserving diffeomorphisms
of the disk which are the identity along the boundary. We are going to define the
homomorphism p : Diff ,(D?,0D?) — R in the statement of Theorem A. (See [1,
Proposition 11.4.3] for the case of symplectic manifolds without boundary.)

Let A be a 1-form such that d\ = 2. For example, for the polar coordinate (r, 6)
on D?, put A = (r?/2)df = (1/2)(xdy — ydx). For an element h of Diff o (D?, 0D?),
we look at the 1-form A*A — A. Since d\ = {2, this is a closed form, we obtain a
function f(h, ) such that d f(h,A) = h*A — \.

Let Z = 9/06 = x(0/dy) — y(0/0x) be the rotational vector field. Now on 9D,

ZF(hN) = i(Z)d f(h,A) = i(Z)(h*A — )
= i(hZ2)AN =i ()N =i(Z)A—i(Z)N = 0.
Hence we choose f(h, A) which is zero along the boundary. We put

p(h) = [ f(h,A)S2.
D2

This integral does not depend on the choice of A; see [4]. Note that for a function
u such that \' — X\ = du, one obtains

Fh,N) = f(h,A)+ (uoh —u)

because (uo h —u)|0D? = 0 for h € Diff o(D?,0D?).
It is easy to see that p(hih2) = p(h1) + p(h2). Note here that

f(hiha, N) = h5 f(h1,A) + f(h2,A)

because f(h, ) is zero along the boundary.
Thus we have shown the following lemma.

Lemma (1.1). p: Diffo(D? 0D?) — R is a homomorphism.

Note that p with respect to A = (r2/2)df = (1/2)(xdy — ydz) can be defined for
an area preserving diffeomorphism whose restriction to the boundary is a rotation.

Let Diff o(D?) denote the group of the C* diffeomorphisms of the disk which
preserve the volume form (2. This group is connected with respect to the C'*°
topology as we will see later (Corollary (2.6)).

There is a similar homomorphism R : Diff o(D?) — R, where Diff (D?) de-
notes the universal covering group of Diff (D?).

Let L(D?) denote the Lie algebra of the divergence free vector fields on the
disk which are tangent to the boundary.

Lemma (1.2). For an element X of Lo(D?), there is a unique function fx on
D? such that d fx = i(X)2 and fx is zero on OD?.

Proof. The existence of a function fx such that d fx = i(X){2 is classical. Since
X is tangent to the boundary, i.e., tangent to the rotational vector field Z, for the
function fx, we have

Zfx = i(Z2)d fx = i(Z)i(X)2 = 0.

Thus fx is constant along the boundary. So we can choose the function fx which
is zero along the boundary. O
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Lemma (1.3) ([1, Lemme 11.4.2]). For X € Lo(D?), let fx denote the function
on D? such that d fx = i(X)$2 and fx is zero on OD?. Let R : Lo(D?) — R be
the map defined by

R(X) = fx92.
D2
Then R is a surjective Lie algebra homomorphism.

In fact, note here the useful formulae ([1, Lemme 11.4.2]), for X, Y € Lo(D?),
fixy) = dX)i(Y)2 and fixy)2 =dfy Nd fx.

Thus
RUEY) = [ dfvndfs= [ dgyndfx)= [ fdfs=o
D? D? aD?
Note also that for the rotational vector field Z, i(Z)§2 = —rdr = d((1 —r?)/2) and
_ 1 9 _ R m
R(Z) = /D2 5(1 —-Tr )’f'd’f'de = W[E — Z}O = Z

Now we can define R : ﬁfQ(DQ) — R as in [1, Lemme II.4.1]. Let h; €
Diffo(D?) (t € [0,1]) be a smooth path from the identity. Let X; be the vector
field defined by X;(z) = (dh¢/dt)(h; ' (x)). Then X; is an element of Lo (D?). For

the element [h;] € Diffo(D?), put

1
R()) = | ROX)
0
The verification of the well definedness of R is the same as in [1, Lemme I1.4.1].

Lemma (1.4) ([1, Lemme I1.4.1]). R : ﬁQ(D2) — R is a well-defined homo-
morphism.

Note that for a full rotation T,
1 2
R(T) = / R(2nZ)dt = ER
0

The following lemma shows that p and R restricted on Diff o(D?,D?) are es-
sentially the same. Note that we will show later that Diff ,(D?, D?) is contractible
(Corollary (2.6)).

Lemma (1.5) ([1, Proposition 11.4.3]). Let hy be a path in Diff o(D? 0D?) such
that ho = id, then p(h1) = 2R([h]).

In fact, for X;(z) = (Ohs/0t)(h; *(x)), the function fx, satisfies the following
identity ([1, Proposition I1.4.3]).

1 1
hiX— A= d(/ h;*thdt—i—/ hEi(X,)Adt).
0 0

Note also the following identity ([1, Proposition I1.4.3]).
(XN 2 =ANd fx, = —d(fx, ) + fx, 2.
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Thus
1 1
p(h1) =/ (/ hffxtdt—i-/ hyi(Xe)Adt) 2
D2 0 0

:/015/]32 thQ}dH/Ol [/Dz(i(xt)x)mdt

1
=2 / Fx, Qdt + / Fx, Adt
0 D2 0 oD?
— 2R([I])-

2. SURJECTIVITY OF Diff (M) — Diff (OM)g

We review here the relationship between the group of volume preserving diffeo-
morphisms of a compact manifold with boundary and the group of diffeomorphisms
of the boundary, which is well known to the experts.

Let M be a compact oriented manifold with boundary M. Let Diff (M) de-
note the group of orientation preserving C'°° diffeomorphisms of M with the C'*°
topology. Let Diff (M) denote the group of C*° diffeomorphisms of M which
preserve the volume form 2. By a result of Moser ([12]), the homomorphism
Diff (M) — Diff (M) induces a bijection on .

We look at the homomorphism Diff o (M)g — Diff (OM )y between their identity
components.

Let Lo(M) denote the Lie algebra of the divergence free vector fields on M
tangent to the boundary dM. The following lemma is well known.

Lemma (2.1). For an element X of Lo(M), there is a (dim(M) — 2)-form ax
on a neighborhood of OM such that dax = i(X)f2. For a continuous family of
elements X,y (w € W) of Lo(M), a family of (dim(M) — 2)-forms ax,,, on a
neighborhood of OM can be taken continuously on w.

Lemma (2.2) ([8, Theorem 1)). The homomorphism Diff o(M)y — Diff(O0M)o
s surjective.

Proof. For a vector field £ on OM, we show that there is a divergence free vector
field on M tangent to the boundary OM which is an extension of £. In fact, in a
collar neighborhood M x [0,1] of 9M = OM x {0}, by a theorem of Moser ([12]),
we may assume that the volume form 2, is of the form 25y, Ads. We define div(&)
by div(§)2am = LeR2o0m. We put X (y,t) = E(y) — sdiv(€)(y)(9/0s). Then on the
collar neighborhood M x [0, 1],

Lix(yt)f2m = Le(y) (o0 N ds) — L div(e) (y)(9/0s) (2001 A ds)
= div(£)Rom A ds — (—1)PM=14(sdiv(€)(y) 2om) = 0.

Then in a neighborhood of M, there is a (dim(M) — 2)-form ax such that dax =
1(X)2y. Now we choose a smooth function g on OM x [0,1] which is 1 in a
neighborhood of OM = OM x {0} and is 0 on a neighborhood of OM x {1}. Then
the vector field Y which satisfies d(pax) = i(Y)£2)s is the desired extension. Thus
we proved Lemma (2.2). O

In the case where M = D?, we have a little more explicit expression. For a
vector field & = £(0/00) on OD?, define a function f on D? — {O} by f(r,0) =
(1 —172/2)€(). Let u be a smooth function on D? which is 1 in a neighborhood
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of 9D? and is 0 on a neighborhood of O. Then the vector field Y defined by
d(pf) = i(Y)£ is the desired extension.
Since we have shown that Diff o(M)y — Diff (OM)g is surjective, we are in-

terested in the kernel of the homomorphism. Let ]iﬁg(M ,OM)o, ]iﬁg(M )o and
Diff (OM )y be the universal covering groups of Diff (M, M )q, Diffo(M)y and
Diff (OM ), respectively. We have the following corollary.

Corollary (2.3). The kernel of the surjective homomorphism
bTﬁQ(M)Q — ]:/if/f(aM)o
coincides with Diff o (M, dM)g.

By a result of Moser ([12]), the homomorphism Diff (M, M) — Diff (M, 0M)
induces a bijection on my. The following proposition gives the information on the
topology of the identity component Diff (M, OM)o.

Proposition (2.4). Let M be a connected oriented manifold with non-empty bound-
ary OM . The homotopy fiber of Diff o(M,0M)q — Diff (M, 0M)q is contractible.

Proof. Let h: S9=! — Diff (M, M) be a smooth map. We assume that we have
a smooth extension H : D? — Diff (M, 0M) of h. We construct Moser’s homotopy

([12]). Let Q,gw) = (1—t)H(w)*2+t£2. Since M is connected and with non-empty
boundary, there exists a (dim(M) — 1)-form A such that d\ = £2. Note that

/ Hiw /BM(H(w”aM)*/\:/BM/\:/MQ

Put aoy = H(w)*A— . Then da,, = H(w)*2— (2. Since a,,|O0M =0, on M x [0, 1]

we can write
Qo = Uy (Y, £) A dt + vy (y, t) Lo,

where 2557 is the volume form of 9M and v(y,0) = 0. Let B, = aupy—d (-t (y, 0)t),
where p is a function of M which is 1 in a neighborhood of 9M = M x {0} and is 0
ina neighborhood of OM = M x {1}. Then df,, = H(w)*2 — 2 and B, (y) = 0 for

y € OM. Let X™ be the vector field such that i(X ) 2{") = —3,. Let ¢\’ be
the diffeomorphism of M such that (9p\" /9t) (") (:z:)) = X" (") (2)). Then

(0/08)(")" 2" = (")) (Lo 2 + (8/0)2(")
= (") (d i(X[") 2" + H(w)* 2 — 2) =0
Thus (p{"))* 2 = H(w)*R2 for w € D9, and (¢{"))*2 = 2 for w € dD?. Put
H(w/|lw]) o (o511 )71 for w| >1/2 and
H(2w)(g) ™ for lw] < 1/2.
Then H'(w) € Diff o(M, M ). O

H' (w) =

We remark here that, as A. Marin pointed out to me, Proposition (2.4) is true
even if OM = (). This can be shown by obtaining «,, in the proof of Proposition
(2.4), using the tensor product of topological vector spaces as in the proof of [1,
Lemme II.2.2].
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Proposition (2.5). Let M be a manifold without boundary. The homotopy fiber
of Diff o(M)o — Diff (M)o is contractible.

Now we return to the group of area preserving diffeomorphism of the disk. By a
result of Smale ([14]), Diff(D?, D?) is contractible. Hence we obtain the following
corollary.

Corollary (2.6). Diff(D? 0D?) is contractible.

By this corollary, Diff o (D2, 9D?) = Diff ,(D?, 9D?) coincides with the kernel of
Diff o(D?) — Diff(S')o, and we have the following exact sequence of contractible
topological groups

1 — Diffo(D?, 0D?) —s Diff o(D?)g — Diff($)g — 1.

Note that Diff (S')y ~ S1.
Now we can make some computation.
First note the following corollary.

Corollary (2.7). Let h be an element of Diffo(D? 0D?). For any path h; in
Diff o(D?,0D?) such that hg = id and hy = h, p(h) = 2R([h4]).

In the following corollaries, the path h¢|@D? in Diff(S')g may not be a trivial
path.

Corollary (2.8). Let hy be a path in Diff o(D?) such that hg = id and [h|0D?] =
id € Diff(S')o. Then p(h1) = 2R([h4]).

Proof. Let h} be a path in Diffo(D? dD?) such that h{, = id and h} = hy. Since
h}|0D? is a trivial path in Diff(S?) and is homotopic to h|0D?, we have [h}] = [h¢]
in Diff p(D?) and R([h}]) = R([h]). On the other hand, p(h1) = p(h}) = 2R([h})).
Thus p(h1) = 2R([h4]). |
Corollary (2.9). Let hy be a path in Diff o(D?) such that hg = id and [hy|0D?] =
Ty € Diff(SY)o, where Ty, is the translation by k € Z. Then p(h1) = 2R([hs]) — k2.

Proof. Let h} be the path h; followed by —k times the full rotation. Then by the
precedent corollary,

p(h1) = p(hy) = 2R([h}]) = 2(R([h4]) — k(x?/2)). O
3. EULER CLASS

Let Diff(S1)y denote the group of C°° diffeomorphisms of the circle isotopic to
the identity with the C* topology. Let ]/)\ii?f(Sl)o denote the universal covering of
Diff (S1)o. lSTf/f(Sl)o is the group of the periodic diffeomorphisms of the real line
and there is a homomorphism Diff(S1), — Diff (S1)y whose kernel is Z.

Let Xg denote the closed oriented surface of genus g. Its fundamental group has
the well known presentation

(a1,--- ,a2g ; [a1,az]---[azg_1, azg]).

For a homomorphism 1) : m1(Xg) — Diff(S1)g, we take the lifts g; to Diff (S*)o for
each g; = ¢(a;). Then [g1,ds] - [g2g—1,2g] is a translation by an integer. This
integer is equal to e(¥)[Xg], the Euler class of the associated circle bundle evaluated
on the fundamental class of the surface (see Milnor [10] and Wood [15]).
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The Euler class is also written as the cocycle defined by using a section s :

Diff(S1)y — Diff(S')g. Now for elements g1, go of Diff(S1)o, put

e(g1,92) = s(g1) 0 5(g2) o (s(91 0 92)) ™" € Z.
Then the fact that Z is the center of lﬁ(Sl)g implies that e(g1,g2) is a 2-cocycle
of the group Diff(S1)o.

We are going to show that by choosing a section o : Diff(S')y — Diffo(D?),
we can define a 2-cocycle of Diff(S')y which is cohomologous to —7m%e. Let p :
Diff o(D?) — Diff o(D?) denote the projection.

For elements g;, g2 of Diff(S1)g, put

c(g1:92) = p(p(s(g1) 0 75(92) 0 (05(91 © g2))7')) € R.
Note that p(cs(g1)oos(g2)o(0s(g1092)) ") = p(os(g1))op(os(gz))op(os(groge))~
is an element of Diffo(D?,dD?). Now by Corollary (2.9), we see the following:
p(p(os(g1) 0 0s(g2) o (05(g1 ©92))71))
= 2R(0s(g1) 0 95(g2) © (05(g1 0 g2)) ") — 7 (s(91) 0 5(g2) © (s(91 0 92)) ™)
= 2R(0s(g1)) + 2R(05(g2)) — 2R(0s(g1 © g2)) — 7% (s(91) 0 5(g2) © (s(g1 0 g2)) ™).
Put §(f) = 2R(0s(f)). Then we have shown the following proposition.

1

Proposition (3.1). c¢(g1,92) = §(0(g1,92)) — 72e(91, g2)-

This shows that c(g1, g2) and —m2e(g1, g2) are cohomologous.

Now we prove Theorem A.

Proof of Theorem A. For a homomorphism ¢ : m(Xg) — Diff(S')o, we have a
triangulation of Yg with one vertex such that the sum of the triangles gives the
fundamental class. We assume that the edges contain the generators aq,- - , agg of
™ (Eg)

For each edge of the triangle, we have a diffeomorphism ¢ of the circle which is the
holonomy along this edge of the foliated S bundle, and the extension h € Diff ,(D?)
(arbitrarily chosen for edges other than ai,---,as). Hence for a triangle with
holonomies g1, g2 and g1 o g2, we have the real number p(h; o hg o (h12)~!). The
sum of them over the triangles gives p([h1, ha] - - [hag—1, hag]). We show that the
sum does not depend on the choice of the extension. Then since the choice p(os(g))
gives the Euler class, another choice also gives it.

For a triangle with holonomies g1, g2 and g; o g2, let hy, he and hio, and hf, h)
and h/, be the extensions of them. Then

p(h’ o by o (hip)™")
=p(hy o (bt ohy)ohyo(hyt ohitohyohy)o((hia)™" 0hia)o (his)™")
=p((hy o hy') o [h1o (hyohyt) o hy']
o (h1ohgo(hi2)™ ") o (B0 (hi2)~1)71)
=p(hy o hi') + p(hao (hyo hy') o hy')
+ p(hi o hgo (h12)™") + p((hy 0 (hi2) ™))
=p(hh o hi') + p(hh o hy ') + p(hy o hy o (ha2)™") — p(ha 0 (h12) ™).

This shows that the sum of p(h} o h} o (h}5)~!) over the triangles are the same as
the sum of p(hy o hy o (h12)~1) over the triangles.
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Corollary (3.2). Let Xy be a closed surface of genus g. If a homomorphism
m1(Xg) — Diff(S1)o extends as a homomorphism m (Xg) — Diffo(D?), then
the associated S* or D? bundle is trivial.

This fact has been known by a much stronger result of Mitsumatsu ([11], [7])
which says that if a foliated D™ bundle over an n dimensional manifold admits
a transversely invariant measure whose support consists of more than one point
transversely, then its Euler class is zero.

In our case, this fact for a flat Diff (D™)o bundle can also be shown as follows.
Consider the Thom class of the disk bundle £ — M. Since the Thom class is
characterized by the fact that the restriction to the fiber (D™, 9D") is the generator
of H"(D™,0D™). When there is a transverse invariant volume form, then we can
give a Thom form @ which is locally the volume form of the fiber in each foliated
chart. Then it is clear that & A @ = 0. Since the Euler class e satisfies [¢ A @] =
[®] Uproj* e, and [®]U : H*(M) — H**"(E,dE) is isomorphic, proj* e = 0, hence
e = s*proj* e = 0. Thus the Euler class e is zero.

In view of this corollary, it is interesting to investigate the expression of the Euler
class for the foliated sphere bundle in terms of the volume preserving extensions
of its holonomy. In other words, it is interesting to look for a result similar to our
main theorem for some cohomology classes of groups Diff (S971)y and Diff o (D?),.

The Euler class is defined for topological sphere bundles. In our case it is de-
fined as a 2-dimensional cohomology class of the group Homeo(S')o. Hence it is
interesting to know about homology groups of the group Homeoo(D?)y of measure
preserving homeomorphisms. For the group of homeomorphisms of a compact man-
ifold of dimension greater than 2 which preserve the Lebesgue measure, by using
a result of Oxtoby and Ulam ([13]), Fathi calculated its abelianization ([3]). The
abelianization of Homeog, (D?)o or Homeog(D?, dD?) is not known.
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